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Abstract. Roughly speaking, by using the semi-stable minimal 
model program, we prove that the moduli part of an Ic-trivial fi- 
bration coincides with that of a kit-trivial fibration induced by 
adjunction after taking a suitable generically finite cover. As an 
application, we obtain that the moduli part of an Ic-trivial fibration 
is b-nef and abundant by Ambro's result on kit-trivial fibrations. 
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1. Introduction 

In this paper, we prove the following theorem. More precisely, we 
reduce Theorem II. II to Ambro's result (see |A2l Theorem 3.3]) by using 
the semi-stable minimal model program (see, for example, |F7] ). For a 
related result, see [Fll Theorem 1.4]. 

Theorem 1.1 (cf. |A2t Theorem 3.3]). Let f : X Y be a projective 
surjective morphism between normal projective varieties with connected 
fibers. Assume that (A, B) is log canonical and Kx + B ~Q,y 0. Then 
the moduli Q-b-divisor M is b-nef and abundant. 

Let us recall the definition of b-nef and abundant Q-b-divisors. 
Date: 2012/10/18, version 1.32. 

2010 Mathematics Subject Classification. Primary 14N30, 14E30; Secondary 
14J10. 

Key words and phrases. Semi-stable minimal model program, canonical bundle 
formulae, Ic-trivial fibrations, kit-trivial fibrations. 



2 



OSAMU FUJINO AND YOSHINORI GONGYO 



Definition 1.2 ([Ml Definition 3.2]). A Q-b-divisor M of a normal 
complete algebraic variety Y is called b-nef and abundant if there ex- 
ists a proper birational morphism Y' Y from a normal variety Y', 
endowed with a proper surjective morphism h : Y' ^ Z onto a normal 
variety Z with connected fibers, such that: 

(1) My/ ~Q h*H, for some nef and big Q-di visor H oi Z] 

(2) M = M^. 

Let us quickly explain the idea of the proof of Theorem 11.11 We 
assume that the pair (X, B) in Theorem 11.11 is dlt for simplicity. Let 
be a log canonical center of {X, B) which is dominant onto Y and is 
minimal over the generic point of Y . We set Kw + By/ = {Kx + B)\w 
by adjunction. Then we have Kw + Bw ~(Q,y 0. Let h : W ^ Y' 
be the Stein factorization of f\w '■ W ^ Y. Note that (W, Bw) is 
kit over the generic point of Y'. We prove that the moduli part M of 
f : {X,B) ^Y coincides with the moduli part M"^'° of h : {W, Bw) -> 
Y' after taking a suitable generically finite base change by using the 
semi-stable minimal model program. We do not need the mixed period 
map nor the infinitesimal mixed Torelli theorem (see |A2[ Section 2] 
and |SSU] ) for the proof of Theorem 11.11 We just reduce the problem 
on Ic-trivial fibrations to Ambro's result on kit-trivial fibrations, which 
follows from the theory of period maps. Our proof of Theorem 11.11 
partially answers the questions in [Kot 8.3.8 (Open problems)]. 

It is conjectured that M is b-semi-ample (see, for example, [Alt 
0. Introduction], |PSt Conjecture 7.13.3], [Fl], and |BC] ). The b-semi- 
ampleness of the moduli part has been proved only for some special 
cases (see, for example, |Kaj . |F2j . and |PSt Section 8]). See also Re- 
mark 14.11 below. 

Acknowledgments. The first author was partially supported by the 
Grant-in-Aid for Young Scientists (A) {[24684002 from JSPS. The sec- 
ond author was partially supported by the Grant-in-Aid for Research 
Activity Start-up {124840009 from JSPS. The authors would like to 
thank Enrica Floris for giving them some comments. 

We will work over C, the complex number field, throughout this 
paper. We will make use of the standard notation as in |F8] . 

2. Preliminaries 

Throughout this paper, we do not use M-divisors. We only use Q- 
divisors. 

2.1 (Pairs). A pair {X,B) consists of a normal variety X over C and 
a Q-divisor B on X such that Kx + -B is Q-Cartier. A pair (X, B) 
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is called subklt (resp. sublc) if for any projective birational morphism 
g : Z ^ X from a normal variety Z, every coefficient of Bz is < 1 
(resp. < 1) where Kz + Bz := g*{Kx + B). A pair {X, B) is called kit 
(resp. Ic) if (X, B) is subklt (resp. sublc) and B is effective. 

Let {X, B) be a sublc pair and let be a closed subset of X. Then 
W is called a log canonical center of (X, S) if there are a projective 
birational morphism g : Z ^ X from a normal variety Z and a prime 
divisor E on Z such that mult^; Bz = 1 and that g{E) = W. 

In this paper, we use the notion of b-divisors introduced by Shokurov. 
For details, we refer to [Cl 2.3.2] and |F9t Section 3]. 

2.2 (Canonical b-divisors). Let X be a normal variety and let a; be a 
top rational differential form of X. Then (u) defines a b-divisor K. We 
call K the canonical b-divisor oi X. 

2.3 {A{X,B) and A*{X,B)). The discrepancy b-dtvisor A = A{X,B) 
of a pair {X, B) is the Q-b-divisor of X with the trace Ay defined by 
the formula 

Ky = nKx + B) + Ay, 

where f : Y X is a. proper birational morphism of normal varieties. 
Similarly, we define A* = A*{X, B) by 

ai>-l 

for 

Ky = r{Kx + B) + Y,^iA^, 
where / : y — )■ X is a proper birational morphism of normal varieties. 
Note that A(X, B) = A*{X, B) when (X, B) is subklt. 

By the definition, we have Ox{\A*{X, S)]) ~ Ox if (X, B) is Ic (see 
jF9l Lemma 3.19]). We also have O x{\ A{X , B)'\) ~ Ox when (X, S) 
is kit. 

2.4 (b-nef and b-semi-ample Q- b-divisors) . Let X be a normal variety 
and let X — )■ iS be a proper surjective morphism onto a variety S. A 
Q-b-divisor D of X is b-nef over S (resp. b-semi-ample over S) if there 
exists a proper birational morphism X' — )■ X from a normal variety X' 
such that D = Dx' and D^' is nef (resp. semi-ample) relative to the 
induced morphism X' — )■ S. 

2.5. Let D = diDi be a Q-divisor on a normal variety, where Di is 
a prime divisor for every i, Di ^ Dj for i ^ j, and G Q for every i. 
Then we set 

di>0 
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3. A QUICK REVIEW OF LC-TRIVIAL FIBRATIONS 

In this section, we quickly recall some basic definitions and results 
on kit-trivial fibrations and Ic-trivial fibrations. 

Definition 3.1 (Kit-trivial fibrations) . A kit-trivial fibration f : {X,B) — >■ 

Y consists of a proper surjective morphism f : X ^ Y between nor- 
mal varieties with connected fibers and a pair {X, B) satisfying the 
following properties: 

(1) (X, B) is subklt over the generic point of Y; 

(2) T^nkf,Oxi\A{X,B)]) = l; 

(3) There exists a Q-Cartier Q-divisor D on Y such that 

Kx + Br^Q rD. 

Note that Definition 13. II is nothing but |All Definition 2.1], where a 
kit-trivial fibration is called an Ic-trivial fibration. So, our definition of 
Ic-trivial fibrations in Definition 13.21 is different from the original one 
in [AH Definition 2.1]. 

Definition 3.2 (Lc-trivial fibrations) . An Ic-trivial fibration f : {X,B) — )■ 

Y consists of a proper surjective morphism f : X Y between nor- 
mal varieties with connected fibers and a pair (X, B) satisfying the 
following properties: 

(1) {X, B) is sublc over the generic point of Y; 

(2) rank/,Ox(rA*(X,5)l) = l; 

(3) There exists a Q-Cartier Q-divisor D on Y such that 

Kx + B^Q f*D. 

In Section HI we sometimes take various base changes and construct 
the induced lc-trivial fibrations and kit-trivial fibrations. For the de- 
tails, see [Alt Section 2]. 

3.3 (Induced lc-trivial fibrations by base changes). Let / : {X, B) ^ Y 
be a kit-trivial (resp. an Ic-tirivial) fibration and let a : Y' ^ Y be 
a generically finite morphism. Then we have an induced kit-trivial 
(resp. lc-trivial) fibration /' : {X',Bx') — > Y', where Bx' is defined by 
fi*{Kx + B) = Kx' + Bxr. 

{X',Bx')^{X,B) 

r f 

Y' ^F, 

Note that X' is the normalization of the main component of X Xy Y'. 
We sometimes replace X' with X" where X" is a normal variety such 
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that there is a proper birational morphism : X" — )■ X' . In this case, 
we set Kx" + Bx" = <p*{Kx' + Bx')- 

Let us explain the definitions of the discriminant and moduli Q-b- 
divisors. 

3.4 (Discriminant Q-b-divisors andmoduh Q-b-divisors) . Let / : {X, B) 
Y be an Ic-trivial fibration as in Definition 13.21 Let P be a prime di- 
visor on Y. By shrinking Y around the generic point of P, we assume 
that P is Cartier. We set 

(X, B + tf*P) is sublc over 
the generic point of P 



bp = max it G 

and set 



By = 5^(1 - 6p)P, 



p 

where P runs over prime divisors on Y. Then it is easy to see that By is 
a well-defined Q-divisor on Y and is called the discriminant Q-divisor 
of / : {X, B) Y. We set 

My = D- Ky- By 

and call My the moduli Q-divisor of / : (X, B) — )■ Y. Let a : Y' ^ Y 
be a proper birational morphism from a normal variety Y' and let 
/' : {X', Bx') Y' be the induced Ic-trivial fibration hj a : Y' ^ Y 
(see l3.3p . We can define By', Ky' and My/ such that a*D = Ky>+By> + 
My', (t^By' = By, ct^Ky' = Ky and a^^My' = My- Hence there exist 
a unique Q-b-divisor B such that By/ = By' for every a : Y' ^ Y and 
a unique Q-b-divisor M such that My/ = My/ for every a : Y' ^ Y . 
Note that B is called the discriminant Q-b-divisor and that M is called 
the moduli Q-b-divisor associated to / : {X, B) — )■ Y. We sometimes 
simply say that M is the moduli part of / : (X, B) Y. 

For the basic properties of the discriminant and moduli Q-b-divisors, 
see [All Section 2]. 

Let us recall the main theorem of [Al] . 

Theorem 3.5 (see [Ml Theorem 2.7]). Let f : {X, B) ^ Y be a kit- 
trivial fibration and let ir : Y S be a proper morphism. Let B and 
M be the induced discriminant and moduli Q-b-divisors of f . Then, 

(1) K + B is Q-b-Cartier, that is, there exists a proper birational 
morphism Y' Y from a normal variety Y' such that K + B = 

Ky' + By/, 

(2) M is b-nef over S. 
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Theorem [33] has some important apphcations, see, for example, |F6] 



By modifying the arguments in |AH Section 5] suitably with the aid 
of |F4| Theorems 3.1, 3.4, and 3.9] (see also |FF] ). we can generalize 
Theorem 13.51 as follows. 

Theorem 3.6. Let f : {X, B) Y be an Ic-trivial fibration and let 
n : Y ^ S be a proper morphism. Let B and M be the induced 
discriminant and moduli Q-b-divisors of f . Then, 

(1) K + B IS Q-b-Cartier, 

(2) M is b-nef over S. 

Theorem 13.51 is proved by using the theory of variations of Hodge 
structure. On the other hand. Theorem 13.61 follows from the theory of 
variations of mixed Hodge structure. We do not adopt the formulation 
in |F3[ Section 4] (see also |Ko[ 8.5]) because the argument in |Alj suits 
our purposes better. For the reader's convenience, we contain the main 
ingredient of the proof of Theorem 13.61 which easily follows from |F4| 
Theorems 3.1, 3.4, and 3.9] (see also |FF] ) . 

Theorem 3.7 (cf. |AH Theorem 4.4]). Let f : X ^ Y be a projective 
morphism between algebraic varieties. Let {resp. Sy) be a simple 
normal crossing divisor on X [resp. Y) such that f is smooth over Y \ 
Ey, Ex is relatively normal crossing overY\T,Y, and f~^{T,Y) C Ex- 
Assume that f is semi-stable in codimension one. Let D be a simple 
normal crossing divisor on X such that Supp D C E^ and that every 
irreducible component of D is dominant onto Y . Then the following 
properties hold. 

(1) R^f^Ux/Y{D) is a locally free sheaf on Y for every p. 

(2) RP f^:U;x/Y{T>) is semi-positive for every p. 

(3) Let p : Y' ^ Y be a projective morphism from a smooth variety 
Y' such that Ey/ = p~^(Ey) is a simple normal crossing divisor 
on Y' . Let tt : X' ^ X Xy Y' be a resolution of the main 
component of X Xy Y' such that ir is an isomorphism over 
Y' \ Ey/. Then we obtain the following commutative diagram: 



and [F9]. 



X' 



X 



f 



f 



Y' 



Y. 



p 



Assume that f is projective, D' is a simple normal crossing 
divisor on X' such that D' coincides with DxyY' over \Ey/, 
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and every stratum of D' is dominant onto Y' . Then there exists 
a natural isomorphism 

P*{RPUux/y{D)) ~ Reflux' /Y'{D') 

which extends the base change isomorphism over Y \ Sy for 
every p. 

Remark 3.8. For the proof of Theorem 13.61 Theorem 13.71 for p = 
is sufficient. Note that all the local monodromies on i?''(/o)*Cxo\z)o 
around Sy are unipotent for every q because / is semi-stable in codi- 
mension one, where Xq = /"^(F \ Sy), Do = D\xo, and /o = f\xo\Do- 

We add a remark on the proof of Theorem 13.61 for the reader's con- 
venience. 

Remark 3.9. We use the notation in |All Lemma 5.2]. We only as- 
sume that {X, B) is sublc over the generic point of Y in Lemma 
5.2]. We write 

i€l 

where Bi is a prime divisor for every i and Bi ^ Bj for i ^ j. We set 
J = {i E I \ Bi is dominant onto Y and di = 1} 

and set 

In Ambro's original setting in |All Lemma 5.3], we have D = because 
(X, B) is subklt over the generic point of Y . In the proof of [Alt Lemma 
5.2 (4)], it is sufficient to consider 

6-1 

luj^iy{n*D) = ^f,Oxm-^)Kx/Y-tB+D+if*BY+trMY])-^\ 

We leave the details as exercises for the reader. 

The following theorem is a part of |A2l Theorem 3.3]. 

Theorem 3.10 (see [XH Theorem 3.3]). Let f : {X, B) ^ Y be a 

kit-trivial fihration such that Y is complete, the geometric generic fiber 
Xjj = X X SpecC(?7) is a projective variety, and Bjj = is effective, 
where rj is the generic point ofY. Then the moduli Q-b-divisor M is 
b-nef and abundant. 
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4. Proof of Theorem 11.11 
Let us give a proof of Theorem 11.11 

Proof of Theorem \l.l[ By taking a dlt blow-up, we may assume that 
the pair {X, B) is Q-factorial and dlt (see, for example, |F7t Section 
4]). If [X^B) is kit over the generic point of Y, then Theorem 11.11 
follows from |A2l Theorem 3.3] (see Theorem 13. lOp . Therefore, we may 
also assume that (X, B) is not kit over the generic point of Y . Let 
ai : Yi — > y be a suitable projective birational morphism such that 
M = My^ and My^ is nef by Theorem 13.61 Let W be an arbitrary log 
canonical center of (X, B) which is dominant onto Y and is minimal 
over the generic point of Y . We set 

Kw + Bw = {Kx + B)\w 

by adjunction (see, for example, |F5t 3.9]). By the construction, we 
have Kw + By/ ~Q,y 0. We consider the Stein factorization of /Ivy : 
^ y and denote it hj h : W ^ Y' . Then Kw + Bw ~Q,y' 0. It 
is obvious that h : {W, Bw) — > Y' is a kit-trivial fibration. Let Y2 be 
a suitable resolution of Y' which factors through cti : Yi — )■ Y. By 
taking the base change by (72 : Y2 — )■ Fi, we obtain = agMy^ (see 
[AH Proposition 5.5]). Note that the proof of |AH Proposition 5.5] 
works for Ic-trivial fibrations by some suitable modifications. By the 
construction, on the induced Ic-trivial fibration /2 : (X2,i?x2) ~^ ^2, 
where X2 is the normalization of the main component of X Xy I2, 
there is a log canonical center W2 of {X2,Bx2) such that f2\w^ '■ 
{W21 Bw^) — )■ ^2 is a kit-trivial fibration, which is birationally equiva- 
lent to h : {W, Bw) — ^ Y' . Note that v : W2 — )■ W2 is the normaliza- 
tion, Kw^ + Bw^ = i'*{Kx2 + Bx2)\w2^ and f2\w^ = f2\w2 ° ^- It is 
easy to see that 

Ky2 + My, + By, ~Q Ky2 + M^^ + B^^ 

where M™™ and B™™ are the induced moduli and discriminant Q-b- 
divisors of f2\w^ '■ (^V2,Bw^) Y2 such that 

Kw^ + Bw^ ~Q {f2\w^)*{KY2 + My™ + By"). 

By replacing Y2 birationally, we may further assume that M™™ = M™"^ 
by Theorem 13.51 By Theorem I3.10[ we see that MyJ" is nef and abun- 
dant. Let (T3 : I3 — ^2 be a suitable generically finite morphism such 
that the induced Ic-trivial fibration f^ : {X^jBxg) Y^ has a semi- 
stable resolution in codimension one (see, for example, [KKMSj . |SSU 
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(9.1) Theorem], and \A1\ Theorem 4.3]). Note that X3 is the normal- 
ization of the main component oi X Xy I3. On Y3, we will see the 
following claim by using the semi-stable minimal model program. 

Claim. The following equality 

BTDmin 

holds. 

Proof of Claim. By taking general hyperplane cuts, we may assume 
that Is is a curve. We write 

= ^(1 - bp)P and Eg" = ^(1 - bf'')P. 
p p 
Let ip : (y, By) (Xs^Bx^,) be a resolution of (X^jBx^) with the 
following properties: 

. Kv + Bv = ^*{Kx,+Bx,y, 

• IT* Q is a reduced simple normal crossing divisor on V for every 
Q e Ys, where n : V ^ X^ ^ Y3] 

• Supp 7r*(5 U Supp By is a simple normal crossing divisor on V 
for every Q eY^, 

• TT is projective. 

Let S be a reduced divisor on Y^ such that vr is smooth over I3 \ S and 
that Supp By is relatively normal crossing over la \ S. We consider the 
set of prime divisors {Ei} where Ei is a prime divisor on V such that 
nlEi) G S and 

mult,,,(5y + J2 hp'K*P)-'' < 1. 

P6E 

We run a minimal model program with ample scaling with respect to 

Kv + {By + Y^ hpTx*P)^^ + 

Pes i 
over X3 and ^3 for some small positive rational number e. Note that 

{V,{Bv + J2bpir*P)^^ + eJ2E.) 

p i 

is a Q-factorial dlt pair because < e <^ 1. It is easy to see that 
Kv + {Bv + Y^ 6p7r*P)^° + e^Ei ^q^y, E>0 

P i 

for some effective Q-divisor E on V. First we run a minimal model 
program with ample scaling with respect to 

Kv + {Bv + J2 bp7r*P)^'' + e -Q.Xa E > 

P i 
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over X3. Note that every irreducible component of E which is dominant 
onto Is is exceptional over by the construction. Thus, if E is 
dominant onto Y^, then it is not contained in the relative movable 
cone over X3. Therefore, after finitely many steps, we may assume 
that every irreducible component of E is contained in a fiber over 
(see, for example, |F7t Theorem 2.2]). Next we run a minimal model 
program with ample scaling with respect to 

Kv + iBv + J2 bpTr*P)-° + ~Q,y3 ^ > 

P i 

over Y3. We can easily see that E is not contained in the relative 
movable cone over Y^ in the process of the minimal model program. 
Therefore, the minimal model program terminates at V (see, for ex- 
ample, |F7[ Theorem 2.2]). Note that all the components of E + Ei 
are contracted by the above minimal model programs. Thus, we have 

Kv + {By + ^6p7r'*P)^° ~Q,y3 0, 

p 

where ir' : V ^ Y^ and By/ is the pushforward of By on V. Note 
that By + J2p bp7T'*P is effective by the construction. Of course, we 
see that 

{V, {By, + J2 &pvr'*P)^°) = (V, By, + ^ bp7r'*P) 
p p 

is a Q-factorial dlt pair. By the construction, the induced proper bira- 
tional map 

{V, By + J2 bpn*P) {V, By, + J2 bpn'*P) 
p p 

over Y^ is S-birational (see [Fl\ Definition 1.5]), that is, we have a 
common resolution 

Z 




V 

over Y3 such that 

a*{Ky + By + J2 bp7T*P) = b* {Ky, + By, + bp7T'*P). 

Pes PgE 

Let S be any log canonical center of {V, By, + hpn'* P) which is 
dominant onto Y^ and is minimal over the generic point of Kj. Then 
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{S,Bs), where 

Ks + Bs = {Kv + Bv' + J2 bpTr'*P)\s, 

p 

is not kit but Ic over every P G S. This is because 

PeE Pes 

by the construction. Let g-s : (W3, Bws) Y^he the induced Mt-trivial 
fibration from (W2, B^^) — )■ Y2 by a2 ^ ¥2- It is easy to see that 
there is a log canonical center 5*0 of {y\ By + J2p bp7T'*P) which is 
dominant onto I3 and is minimal over the generic point of Y3 such that 
there is a i?-birational map 

{W,, Bw, + Yl ^P9lP) ('S'o, Bs,) 
Pes 

over F3, where 

Ks, + Bs, = {Ky +By + J2 bp^'*P)\so 

Pes 

(cf. [Fll Claims (A„) and (-Bn) in the proof of Lemma 4.9]). This means 
that there is a common resolution 

T 

Ws ^So 

over Y3 such that 

p 

This easily implies that bp = 6™'" for every P G S. Therefore, we have 

By, = Bs;i°. □ 




Then we obtain 
because 



Ky, + + By3 ~Q Ky, + Mg^^ + Bg". 

Thus, Myg is nef and abundant. Since 

My, = alMY, = alalMY,, 

M is b-nef and abundant. Moreover, by replacing Y^ with a suitable 
generically finite cover, we have that Myg and Mg™ are both Cartier 
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(see [All Lemma 5.2 (5), Proposition 5.4, and Proposition 5.5]) and 

We close this paper with a remark on the b-semi-ampleness of M. 

Remark 4.1 (b-semi-ampleness). Let f : X ^ Y he a. projective sur- 
jective morphism between normal projective varieties with connected 
fibers. Assume that {X, B) is log canonical and Kx + B ~Q,y 0. With- 
out loss of generality, we may assume that (X, B) is dlt by taking a dlt 
blow-up. We set 

ly is a log canonical center of (X, B) 
which is dominant onto Y 



df{X,B) = jdimiy 



If df{X, B) G {0, 1}, then the b-semi-ampleness of the moduli part M 
follows from [Ka] and [PS] by the proof of Theorem 11.11 Moreover, it 
is obvious that M ~q when = 0. 
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